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COMMON FIXED POINT THEOREM IN CONE METRIC SPACE
FOR RATIONAL CONTRACTIONS
R. UTHAYAKUMAR AND G. AROCKIA PRABAKAR
Abstract. In this paper we prove the common xed point theorem in cone
metric space for rational expression in normal cone setting. Our results gen-
eralize the main result of Jaggi [10] and Dass, Gupta [11].
1. Introduction
The Banach contraction principle with rational expressions have been expanded
and some xed and common xed point theorems have been obtained in [1], [2].
Huang and Zhang [3] initiated cone metric spaces, which is a generalization of
metric spaces, by substituting the real numbers with ordered Banach spaces. They
have considered convergence in cone metric spaces, introduced completeness of cone
metric spaces, and proved a Banach contraction mapping theorem, and some other
xed point theorems involving contractive type mappings in cone metric spaces
using the normality condition. Later, various authors have proved some common
xed point theorems with normal and non-normal cones in these spaces [4], [5], [6],
[7], [8]. Quite recently Muhammad arshad et al.[9] have introduced almost Jaggi
and Gupta contraction in Partially ordered metric space to prove the xed point
theorem. In this paper we prove the common xed point theorem in cone metric
space for rational expression in normal cone setting. Our results generalize the
main result of Jaggi [10] and Dass, Gupta [11].
1.1. Basic facts and denitions. Let E be a real Banach space and P a subset
of E. P is called a cone if and only if
(i) P is closed, nonempty, and P 6= f0g;
(ii) a;b 2 R, a;b  0, x;y 2 P ) ax + by 2 P
(iii) P \ ( P) = f0g
Given a cone P  E, we dene a partial ordering  with respect to P by x  y if
and only if y   x 2 P. We shall write x < y indicate that x  y but x 6= y, while
x  y will stand for y   x 2 intP, intP denotes the interior of P.
The cone P is called normal if there is a number M > 0 such that for all x;y 2 E,
0  x  y implies kxk  M kyk.
The least positive number satisfying above is called the normal constant of P.
In the following we always suppose E is a Banach space, P is a cone in E with
intP 6= ; and  is partial ordering with respect to P.
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Denition 1.1. [3] Let X be a nonempty set. Suppose the mapping d : XX ! E
satises
(i) 0  d(x;y) for all x;y 2 X and d(x;y) = 0 if and only if x = y;
(ii) d(x;y) = d(y;x) for all x;y 2 X;
(iii) d(x;y)  d(x;z) + d(z;y) for all x;y;z 2 X.
Then d is called a cone metric on X, and (X;d) is called a cone metric space.
Example 1.1. [3] Let E = R2, P = f(x;y) 2 Ejx;y  0g  R2, X = R and
d : X  X ! E such that d(x;y) = (jx   yj;jx   yj), where   0 is a constant.
Then (X;d) is a cone metric space.
Denition 1.2. [3] Let (X;d) be a cone metric space, x 2 X and fxng be a
sequence in X. Then
(i) fxng converges to x whenever for every c 2 E with 0  c there is a natural
number N such that d(xn;x)  c for all n  N.
(ii) fxng is a cauchy sequence whenever for every c 2 E with 0  c there is a
natural number N such that d(xn;xm)  c for all n;m  N.
Denition 1.3. [3] Let (X;d) is said to be a complete cone metric space, if every
cauchy sequence is convergent in X.
2. Main Results
Denition 2.1. [9] Let (X;d) be a cone metric space. A self mapping T on X is
called an almost Jaggi contraction if it satises the following condition:
(1) d(Tx;Ty) 
d(x;Tx)d(y;Ty)
d(x;y)
+ d(x;y) + Lminfd(x;Ty);d(y;Tx)g
for all x;y 2 X, where L  0 and ; 2 [0;1) with  +  < 1.
Theorem 2.1. Let (X;d) be a complete cone metric space and P a normal cone
with normal constant M. Let T : X ! X be an almost Jaggi contraction, for all
x;y 2 X where L  0 and ; 2 [0;1) with  +  < 1. Then T has a unique xed
point in X.
Proof:
Choose x0 2 X. Set x1 = Tx0, xn = Txn 1
d(xn;xn+1) = d(Txn 1;Txn)


d(xn 1;Txn 1)d(xn;Txn)
d(xn 1;xn)
+ d(xn 1;xn)
+Lminfd(xn 1;Txn);d(xn;Txn 1)g]


d(xn 1;xn)d(xn;xn+1)
d(xn 1;xn)
+ d(xn 1;xn)
+Lminfd(xn 1;xn+1);d(xn;xn)g]
 d(xn;xn+1) + d(xn 1;xn)
(1   )d(xn;xn+1)  d(xn 1;xn)
d(xn;xn+1) 

1   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k =

1 ,  +  < 1 0 < k < 1
and by induction,
d(xn;xn+1)  kd(xn 1;xn)
:
:
 knd(x0;x1)
d(xn;xm)  d(xn;xn+1) + d(xn+1;xn+2) + :::::: + d(xn+m 1;xm)

 
kn + kn+1 + ::::: + kn+m 1
d(x0;x1)

kn
1   k
d(x0;x1)
We get kd(xn;xm)k  M k
n
1 k kd(x0;x1)k which implies that d(xn;xm) ! 0 as
n ! 1. Hence xn is a cauchy sequence, so by completeness of X this sequence
must be convergent in X.
d(u;Tu)  d(u;xn+1) + d(xn+1;Tu)
 d(u;xn+1) + d(Txn;Tu)
 d(u;xn+1) +
d(xn;Txn)d(u;Tu)
d(xn;u)
+ d(xn;u)
+Lminfd(xn;Tu);d(u;Txn)g
 d(u;xn+1) +
d(xn;xn+1)d(u;u)
d(xn;u)
+ d(xn;u)
+Lminfd(xn;u);d(u;xn+1)g
 d(u;xn+1) + d(xn;u) + Lminfd(xn;u);d(u;xn+1)g
So using the condition of normality of cone
kd(u;T (u))k  M (kd(u;xn+1)k +  kd(xn;u)k + Lminkd(xn;u);d(u;xn+1)k)
As n ! 0 we have kd(u;T (u))k  0. Hence we get u = Tu, u is a xed point of T.
Denition 2.2. [10] Let (X;d) be a cone metric space. A self mapping T on X is
called Jaggi contraction if it satises the following condition:
(2) d(Tx;Ty) 
d(x;Tx)d(y;Ty)
d(x;y)
+ d(x;y)
for all x;y 2 X and ; 2 [0;1) with  +  < 1.
Corollary 2.1. Let (X;d) be a complete cone metric space and P a normal cone
with normal constant M. Let T : X ! X be a Jaggi contraction
(3) d(Tx;Ty) 
d(x;Tx)d(y;Ty)
d(x;y)
+ d(x;y)
for all x;y 2 X and ; 2 [0;1) with  +  < 1. Then T has a unique xed point
in X.
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Theorem 2.2. Let (X;d) be a complete cone metric space and P a normal cone
with normal constant M. Suppose the mappings S;T is called an almost Jaggi
contraction if it satises the following condition:
(4) d(Sx;Ty) 
d(x;Sx)d(y;Ty)
d(x;y)
+ d(x;y) + Lminfd(x;Ty);d(y;Sx)g
for all x;y 2 X where L  0 and ; 2 [0;1) with  +  < 1. Then each of S;T
has a unique xed point and these two xed points coincide.
Proof:
Let x1 2 S (xo) and x2 = T (x1) such that x2n+1 = S (x2n), x2n+2 = T (x2n+1)
d(x2n+1;x2n+2) = d(Sx2n;Tx2n+1)


d(x2n;Sx2n)d(x2n+1;Tx2n+1)
d(x2n;x2n+1)
+ d(x2n;x2n+1)
+Lminfd(x2n;Tx2n+1);d(x2n+1;Sx2n)g]


d(x2n;x2n+1)d(x2n+1;x2n+2)
d(x2n;x2n+1)
+ d(x2n;x2n+1)
+Lminfd(x2n;x2n+2);d(x2n+1;x2n+1)g]
d(x2n+1;x2n+2)  d(x2n+1;x2n+2) + d(x2n;x2n+1)
(1   )d(x2n+1;x2n+2)  d(x2n;x2n+1)
d(x2n+1;x2n+2) 

1   
d(x2n;x2n+1)
d(x2n+1;x2n+2)  kd(x2n;x2n+1) (5)
where k =

1 ,  +  < 1
d(x2n+3;x2n+2) = d(S (x2n+2);T (x2n+1))


d(x2n+2;Sx2n+2)d(x2n+1;Tx2n+1)
d(x2n+2;x2n+1)
+ d(x2n+2;x2n+1) (6)
+Lminfd(x2n+2;Tx2n+1);d(x2n+1;Sx2n+2)g]


d(x2n+2;x2n+3)d(x2n+1;x2n+2)
d(x2n+2;x2n+1)
+ d(x2n+2;x2n+1)
+Lminfd(x2n+2;x2n+2);d(x2n+1;x2n+2)g]
d(x2n+3;x2n+2)  d(x2n+2;x2n+3) + d(x2n+2;x2n+1)
(1   )d(x2n+3;x2n+2)  d(x2n+2;x2n+1)
d(x2n+3;x2n+2) 

1   
d(x2n+2;x2n+1)
d(x2n+3;x2n+2)  kd(x2n+2;x2n+1)
k =

1 ,  +  < 1
Add equation (6) and (7) we get
1 X
n=1
d(xn;xn+1) 
1 X
n=1
knd(x0;x1) (7)
=
k
1   k
d(x0;x1)116 UTHAYAKUMAR AND PRABAKAR
We get kd(xn;xn+1)k  M k
1 k kd(x0;x1)k which implies that d(xn;xn+1) ! 0 as
n ! 1. Hence fxng is a cauchy sequence, so by completeness of X this sequence
must be convergent in X. We shall prove that u is a common xed point of S and
T.
d(u;Tu)  d(u;x2n+1) + d(x2n+1;Tu)
 d(u;x2n+1) + d(Sx2n;Tu)
 d(u;x2n+1) +

d(x2n;Sx2n)d(u;Tu)
d(x2n;u)
+ d(x2n;u)
+Lminfd(x2n;Tu);d(u;Sx2n)g]
 d(u;x2n+1) +

d(x2n;x2n+1)d(u;u)
d(x2n;u)
+ d(x2n;u)
+Lminfd(x2n;u);d(u;x2n+1)g]
 d(u;x2n+1) + d(x2n;u) + Lminfd(x2n;u);d(u;x2n+1)g
So using the condition of normality of cone
kd(u;T (u))k  M (kd(u;x2n+1)k +  kd(x2n;u)k + Lminkd(x2n;u);d(u;x2n+1)k)
As n ! 0 we have kd(u;T (u))k  0. Hence we get u = Tu, u is a xed point of T.
Similarly
d(u;S (u))  d(u;x2n+2) + d(x2n+2;Su)
 d(u;x2n+2) + d(Su;Tx2n+1)
 d(u;x2n+2) +

d(u;Su)d(x2n+1;Tx2n+1)
d(u;x2n+1)
+ d(u;x2n+1)
+Lminfd(u;Tx2n+1);d(x2n+1;Su)g]
 d(u;x2n+2) +

d(u;u)d(x2n+1;x2n+2)
d(u;x2n+1)
+ d(u;x2n+1)
+Lminfd(u;x2n+2);d(x2n+1;u)g]
 d(u;x2n+2) + d(u;x2n+1) + Lminfd(u;x2n+2);d(x2n+1;u)g
So using the condition normality of cone
kd(u;S (u))k  M (kd(u;x2n+1)k +  kd(u;x2n+1)k + Lminkd(u;x2n+2);d(x2n+1;u)k)
As n ! 0 we have kd(u;S (u))k  0. Hence we get u = Su, u is a xed point of S.
Denition 2.3. [9] Let (X;d) be a cone metric space. A self mapping T on X is
called Dass and Gupta contraction if it satises the following condition:
(8)
d(Tx;Ty) 
d(y;Ty)[1 + d(x;Tx)]
1 + d(x;y)
+d(x;y)+Lminfd(x;Tx);d(x;Ty);d(y;Tx)g
for all x;y 2 X, where L  0 and ; 2 [0;1) with  +  < 1.
Theorem 2.3. Let (X;d) be a complete cone metric space and P a normal cone
with normal constant M. Let T : X ! X be a Dass and Gupta contraction, for all
x;y 2 X where L  0 and ; 2 [0;1) with  +  < 1. Then T has a unique xed
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Proof:
Choose x0 2 X. Set x1 = Tx0, xn = Txn 1
d(xn;xn+1) = d(Txn 1;Txn)


d(xn;Txn)[1 + d(xn 1;Txn 1)]
1 + d(xn 1;xn)
+ d(xn 1;xn)
+Lminfd(xn 1;Txn 1);d(xn 1;Txn);d(xn;Txn 1)g]


d(xn;xn+1)[1 + d(xn 1;xn)]
1 + d(xn 1;xn)
+ d(xn 1;xn)
+Lminfd(xn 1;xn);d(xn 1;xn+1);d(xn;xn)g]
(1   )d(xn;xn+1)  d(xn 1;xn)
d(xn;xn+1) 

1   
d(xn 1;xn)
k =

1 ,  +  < 1 0 < k < 1
and by induction,
d(xn;xn+1)  kd(xn 1;xn)
:
:
 knd(x0;x1)
d(xn;xm)  d(xn;xn+1) + d(xn+1;xn+2) + :::::: + d(xn+m 1;xm)

 
kn + kn+1 + ::::: + kn+m 1
d(x0;x1)

kn
1   k
d(x0;x1)
We get kd(xn;xm)k  M k
n
1 k kd(x0;x1)k which implies that d(xn;xm) ! 0 as
n ! 1. Hence xn is a cauchy sequence, so by completeness of X this sequence
must be convergent in X.
d(u;T (u))  d(u;xn+1) + d(xn+1;Tu)
 d(u;xn+1) + d(Txn;Tu)
 d(u;xn+1) +
d(u;Tu)[1 + d(xn;Txn)]
1 + d(xn;u)
+ d(xn;u)
+Lminfd(xn;Txn);d(xn;Tu);d(u;Txn)g
 d(u;xn+1) +
d(u;u)[1 + d(xn;xn+1)]
1 + d(xn;u)
+ d(xn;u)
+Lminfd(xn;xn+1)d(xn;u);d(u;xn+1)g
 d(u;xn+1) + d(xn;u) + Lminfd(xn;xn+1);d(xn;u);d(u;xn+1)g
So using the condition normality of cone
kd(u;T (u))k  M (kd(u;xn+1)k +  kd(xn;u)k + Lminkd(xn;xn+1);d(xn;u);d(u;xn+1)k)
As n ! 0 we have kd(u;T (u))k  0. Hence we get u = Tu, u is a xed point of T.
Corollary 2.2. Let (X;d) be a complete cone metric space and P a normal cone
with normal constant M. Let T : X ! X a Dass, Gupta rationl contraction
(9) d(Tx;Ty) 
d(y;Ty)[1 + d(x;Tx)]
1 + d(x;y)
+ d(x;y)118 UTHAYAKUMAR AND PRABAKAR
for all x;y 2 X and ; 2 [0;1) with  +  < 1. Then T has a unique xed point
in X.
Proof: Set L = 0 in theorem 2.4.
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